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Abstract

We construct polynomial conformal invariants, the vanishing of which is necessary and sufficient
for ann-dimensional suitably generic (pseudo-)Riemannian manifold to be conformal to an Einstein
manifold. We also construct invariants which give necessary and sufficient conditions for a metric
to be conformally related to a metric with vanishing Cotton tensor. One set of invariants we derive
generalises the set of invariants in dimension 4 obtained by Kozameh, Newman and Tod. For the
conformally Einstein problem, another set of invariants we construct gives necessary and sufficient
conditions for a wider class of metrics than covered by the invariants recently presented by Listing.
We also show that there is an alternative characterisation of conformally Einstein metrics based on
the tractor connection associated with the normal conformal Cartan bundle. This plays a key role in
constructing some of the invariants. Also using this we can interpret the previously known invariants
geometrically in the tractor setting and relate some of them to the curvature of the Fefferman—Graham
ambient metric.
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1. Introduction

The central focus of this article is the problem of finding necessary and sufficient con-
ditions for a Riemannian or pseudo-Riemannian manifold, of any signature and dimension
n > 3, to be locally conformally related to an Einstein metric. In particular we seek invari-
ants, polynomial in the Riemannian curvature and its covariant derivatives, that give a sharp
obstruction to conformally Einstein metrics in the sense that they vanish if and only if the
metric concerned is conformally related to an Einstein metric. For example in dimension 3
it is well known that this problem is solved by the Cotton tensor, which is a certain tensor
part of the first covariant derivative of the Ricci tensor. So 3-manifolds are conformally
Einstein if and only if they are conformally flat. The situation is significantly more com-
plicated in higher dimensions. Our main result is that we are able to solve this problem
in all dimensions and for metrics of any signature, except that the metrics are required to
be non-degenerate in the sense that they are, what we term, weakly generic. This means
that, viewed as a bundle map/ — ®3TM, the Weyl curvature is injective. The results
are most striking for Riemanniammanifolds where we obtain a single trace-free rank
two tensor-valued conformal invariant that gives a sharp obstruction. Setting this invariant
to zero gives a quasi-linear equation on the metric. Returning to the setting of arbitrary
signature, we also show that a manifold is conformally Einstein if and only if a certain vec-
tor bundle, the so-called standard tractor bundle, admits a parallel section. This powerful
characterisation of conformally Einstein metrics is used to obtain the sharp obstructions
for conformally Einstein metrics in the general weakly generic pseudo-Riemannian and
Riemannian setting. It also yields a simple geometric derivation, and unifying framework,
for all the main theorems in the paper.

The study of conditions for a metric to be conformally Einstein has a long history that
dates back to the work of Brinkmd#,5] and Schouteifi29]. Substantial progress was
made by Szekeres in 19630]. He solved the problem on 4-manifolds, of signatsz by
explicitly describing invariants that provide a sharp obstruction. However his approach is
based on a spinor formalism and is difficult to analyse when translated into the equivalent
tensorial picture. In the 1980s Kozameh, Newman and Tod (K&d))found a simpler set
of conditions. While their construction was based on Lorentzian 4-manifolds the invariants
obtained provide obstructions in any signature. However these invariants only give a sharp
obstruction to conformally Einstein metrics if a special class of metrics is excluded (see
also[20] for the reformulation of the KNT result in terms of the Cartan normal conformal
connection). Baston and Masf8] proposed another pair of conformally invariant obstruc-
tion invariants for 4-manifolds. However these give a sharp obstruction for a smaller class
of metrics than the KNT system (sgH).

One of the invariants in the KNT system is the conformally invariant Bach tensor. In
higher even dimensions there is an interesting higher order analogue of this trace-free sym-
metric 2-tensor due to Fefferman and Graham and this is also an obstruction to conformally
Einstein metricd11,17,18] This tensor arises as an obstruction to their ambient metric
construction. It has a close relationship to some of the constructions in this article, but
this is described ifil7]. Here we focus on invariants which exist in all dimensions. Re-
cently Listing[21] made a substantial advance. He described a trace-free 2-tensor that gives,
in dimensions: > 4, a sharp obstruction for conformally Einstein metrics, subject to the
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restriction that the metrics are what he terms “non-degenerate”. This means that the Weyl
curvature is maximal rank as a magTM — A2TM. In this paper metrics satisfying this
non-degeneracy condition are instead terméegeneric.

Following some general background, we show in Sectib8snd 2.4hat it is possible
to generalise to arbitrary dimensian> 4 the development of KNT. This culminates in the
construction of a pair of (pseudo-)Riemannian invarianfs and F2, whose vanishing is
necessary and sufficient for the manifold to be conformally Einstein provided we exclude
a small class of metrics (but the class is larger than the class failing rw?kgeneric)
(seeTheorem 2.3 These invariants araitural in the sense that they are given by a metric
partial contraction polynomial in the Riemannian curvature and its covariant derivatives.
is conformally covariant anéi? is conformally covariant on metrics for whidff vanishes.

Thus together they form a conformally covariant system.

In Section2.5we show that very simple ideas reveal new conformal invariants that are
more effective than the systeftt and F2 in the sense that they give sharp obstructions
to conformal Einstein metrics on a wider class of metrics. Here the broad treatment is
based on the assumption that the metrics are weakly generic as defined earlier. This is a
strictly weaker restriction than requiring metrics to h&-generic; anyA?-generic metric
is weakly generic but in general the converse fails to be true. One of the main results of the
paper isTheorem 2.&vhich gives a natural conformally invariant trace-free 2-tensor which
gives a sharp obstruction for conformally Einstein metrics on weakly generic Riemannian
manifolds. Thus in the Riemannian setting this improves Listing’s results. In Riemannian
dimension 4 there is an even simpler obstruction, esrem 2.9but an equivalent result
is in [21]. In Theorem 2.1Qve also recover Listing’s main results far-generic metrics
as special case of the general setup. In all cases the invariants give quasi-linear equations.
The results mentioned are derived from the general resitraposition 2.7We should
point out that while this proposition does not in general lead to natural obstructions, in
many practical situations, for example if a metric is given explicitly in terms of a basis field,
this would still provide an effective route to testing whether or not a metric is conformally
Einstein, since a choice of tensbrcan easily be described. (See the final remark at the end
of Section2.5.)

In Section2.5 we also pause, iProposition 2.5and Theorem 2.6to observe some
sharp obstructions to metrics being conformal to a metric with vanishing Cotton tensor. We
believe these should be of independent interest. Since the vanishing of the Cotton tensor
is necessary but not sufficient for a metric to be Einstein, it seems that the Cotton tensor
could play a role in setting up problems where one seeks metrics suitably “close” to being
Einstein or conformally Einstein.

In Sectiorg, following some background on tractor calculus, we give the characterisation
of conformally Einstein metrics as exactly those for which the standard tractor bundle
admits a (suitably generic) parallel section. The standard (conformal) tractor bundle is an
associated structure to the normal Cartan conformal connection. The derivations in Section
2 are quite simple and use just elementary tensor analysis and Riemannian differential
geometry. However they also appear ad hoc. We show in Segtioat the constructions
and invariants of Sectio have a natural and unifying geometric interpretation in the
tractor/Cartan framework. This easily adapts to yield new characterisations of conformally
Einstein metrics, se€heorem 3.4From this we obtain, il€orollary 3.5 obstructions for
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conformally Einstein metrics that are sharp for weakly generic metrics of any signature.
Thus these also improve on the result§Z].

We believe the development in Sectidrshould have an important role in suggesting
how an analogous programme could be carried out for related conformal problems as well
as analogues on, for example, CR structures where the structure and tractor calculus is
very similar. We also use this machinery to show that the systémF2 has a simple
interpretation in terms of the curvature of the Fefferman—Graham ambient metric.

Finally in Sectiord we discuss explicit metrics to shed light on the invariants constructed
and their applicability. This includes examples of classes metrics which are weakly generic
but not A2-generic. Also here, as an example use of the machinery on explicit metrics,
we identify the conformally Einstein metrics among a special class of Robinson—Trautman
metrics.

The authors wish to thank Ruibin Zhang, Paul-Andi Nagy and Michael Eastwood for
very helpful discussions. Finally the authors are grateful to the referee for several helpful
suggestions.

2. Conformal characterisations via tensors

In this section we use standard tensor analysis on (pseudo-)Riemannian manifolds to
derive sharp obstructions to conformally Einstein metrics.

2.1. Basic (pseudo-)Riemannian objects

Let M be a smooth manifold, of dimension> 3, equipped with a Riemannian or
pseudo-Riemannian metrig,,. We employ Penrose’s abstract index notatjaid] and
indices should be assumed abstract unless otherwise indicated. Weatelenote the
space of smooth sections of the tangent bundief pemdé,, for the space of smooth sections
of the cotangent bundle. (In fact we will often use the same symbols for the corresponding
bundles, and also in other situations we will often use the same symbol for a given bundle
and its space of smooth sections, since the meaning will be clear by context.) WE forite
the space of smooth functions and all tensors considered will be assumed smooth without
further comment. An index which appears twice, once raised and once lowered, indicates
a contraction. The metrig,;, and its inversg® enable the identification & and&, and
we indicate this by raising and lowering indices in the usual way.

The metricg,, defines the Levi—-Civita connectiow, with the curvature tensaR ;4
given by

(VaVy — ViV )VE = RypqVYe, whereVe e &°.

This can be decomposed into the totally trace-fkeel curvature C,p.4 and the symmetric
Schouten tensor P, according to

Rabed = Capea + 2gc[a Pb]d + ng[bPa]c-
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ThusP,; is a trace modification of the Ricci tensBg, = R..“»p:

Rap = (n — 2)Pap +Jdgap, J:=P4.
Note that the Weyl tensor has the symmetries

Capca = Clabl[cd] = Cedab,  Clabcla = 0,

where we have used the square brackets to denote the antisymmetrisation of the indices.
We recall that the metrig,;, is an Einstein metric if the trace-free part of the Ricci tensor
vanishes. This condition, when written in terms of the Schouten tensor, is given by

1
Pab - 7Jgab =0.
n
In the following we will also need the Cotton tenséy,. and the Bach tensa®,;,. These
are defined by
Agpe = 2V[ch]u (21)
and
Bab = VCAacb + Pdccdacb- (22)

Itis straightforward to verify that the Bach tensor is symmetric. From the contracted Bianchi
identity VP, = V,d it follows that the Cotton tensor is totally trace-free. Using this, and
that the Weyl tensor is trace-free, it follows that the Bach tensor is also trace-free.

Let us adopt the convention that sequentially labelled indices are implicitly skewed over.
For example with this notation the Bianchi symmetry is simBlya,.;» = 0. Using this
symmetry and the definitiof2.1) of A;,,,, we obtain a useful identity

ValAbagag = Pglcagagbc- (23)

Further important identities arise from the Bianchi identity Ry,q54. = O:

Va1 Carazed = 8cayAdaras — 8day Acasazs (2.4)
(n — 3)Aape = V! Caave. (2.5)
VePab = Vipd, (2.6)
V@A = 0. (2.7)

2.2. Conformal properties and naturality

Metrics g, andg,, are said to be conformally related if

gab = eZTgabs T eé, (28)
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and the replacement @f,, with g, is termed aonformal rescaling. Conformal rescaling
in this way results in a conformal transformation of the Levi—Civita connection. This is
given by

V/au\b = Vaup — Yaup — Ypug + gachuc (29)

for a 1-formu,. The conformal transformation of the Levi—Civita connection on other
tensors is determined by this, the duality between 1-forms and tangent fields, and the Leibniz
rule.

A tensorT (with any number of covariant and contravariant indices) is said tawhe
formally covariant (of weight w) if, under a conformal rescalin(p.8) of the metric, it
transforms according to

T—T=e"T

for somew € R. We will say T is conformallyinvariant if w = 0. We are particularly
interested in natural tensors with this property. A terfsismarural if there is an expression
for T which is a metric partial contraction, polynomial in the metric, the inverse metric, the
Riemannian curvature and its covariant derivatives.

The weight of a conformally covariant depends on the placement of indices. It is well
known that the Cotton tensor in dimensior= 3 and the Weyl tensor in dimensian> 3
are conformally invariant with their natural placement of indices,ﬁ\.@,c = Aupe and
Capr’a = Cap®q. In dimensionn > 4, vanishing of the Weyl tensor is equivalent to the
existence of a scal® such that the transformed metgig, = € g is flat (and so if the
Weyl tensor vanishes we say the metriedégformally flat). In dimensiorm = 3 the Weyl
tensor vanishes identically. In this dimensigp is conformally flat if and only if the Cotton
tensor vanishes.

An example of tensor which fails to be conformally covariant is the Schouten tensor. We
have

Pab = Pab = Pap — VaTb + Yo — 3T gap, (2.10)
where
T, = V,Y.

Thus the property of the metric being Einstein is not conformally invariant. A mglics
said to beconformally Einstein if there exists a conformal scate such thatg}, = €Y gu»
is Einstein.

For natural tensors the property of being conformally covariant or invariant may depend
on dimension. For example it is well known that the Bach tensor is conformally covariant
in dimension 4. In other dimensions the Bach tensor fails to be conformally covariant.

2.3. Necessary conditions for conformally Einstein metrics

Suppose that,, is conformally Einstein. As mentioned above this means that there exists
a scaleY such that the Ricci tensor, or equivalently the Schouten tensgrfoE € gup,
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is pure trace. That is

1-,
Pab - 7Jgab =0
n

This equation, when written in terms of Levi—Civita connectioand Schouten tenséy,,
associated witlg,;, reads,

1
Pub — Vo X + YY) — ;Tgab =0, (211)

where
T =J—- V4, +YY,.

Conversely if there is a gradient, = V, T satisfying(2.11) then g, := €Y g, is an
Einstein metric. Thus, with the understanding thigt= Vv, Y, (2.11) will be termed the
conformal Einstein equations. There exists a smooth function solving these if and only
if the metricg is conformally Einstein.

To find consequences of these equations we applio both sides of2.11)and then
antisymmetrise the result over the:} index pair. Using that the both the Weyl tensor and
the Cotton tensor are completely trace-free this leads to the first integrability condition
which is

Agpe + Tdcdozbc =0.

Now taking V¢ of this equation, using the definition of the Bach tengg), the identity
(2.5), and again this last displayed equation, we get

Bap + Pdccdabc - (VCTd - (}’l - 3)TdTC)Cdabc =0

Eliminating V¢ Y¢ by means of the Einstein conditigl.11)yields a second integrability
condition:

Bap + (n — AT Cape = 0.
Summarising we have the following proposition.

Proposition 2.1. If g, is a conformally Einstein metric then the corresponding Cotton
tensor Agpe and the Bach tensor By, satisfy the following conditions

Aabe + Tdcdabc =0, (212)
and

Bap + (n — DY Y Cpape = 0. (2.13)
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for some gradient
YTg=V,T.

Here Y is a function which conformally rescales the meigjg to an Einstein metric
- 24
8ab = € 8ab-

Remarks:

¢ Note that in dimension = 3 the first integrability conditio2.12)reduces taA . = 0
and the Weyl curvature vanishes. Thus, in dimensien 3, if (2.12)holds then2.13)is
automatically satisfied and the conformally Einstein metrics are exactly the conformally
flat metrics. The vanishing of the Cotton tensor is the necessary and sufficient condition
forametric to satisfy these equivalent conditions. This well known fact solves the problem
indimensiom = 3. Therefore, for the remainder of Sectwe will assume that > 4.

e Indimensiom = 4 the second integrability condition reduces to the conformally invari-
ant Bach equation:

By, = 0. (2.14)
2.4. Generalising the KNT characterisation

Here we generalise to dimensian> 4 the characterisation of conformally Einstein
metrics given by Kozameh et gl19]. Our considerations are local and so we assume,
without loss of generality, tha¥ is oriented and write for the volume form. Given the
Weyl tensorC ;.4 of the metricg,,, we writecglm by_pcd = €py-b,_»"12Cyia,cq- NOte that
this is completely trace-free due to the Weyl Bianchi symmeétry,,.., = 0. Consider the
equations

Capea F® =0, (2.15)

Cabca H? =0, (2.16)
and

Chyoypea ™ =0, (2.17)

for a skew symmetric tensaf?? and a symmetric trace-free tenskif’. We say that the
metric g, is generic if and only if the only solutions to Eq$2.15)—(2.17)are F** = 0 and
H® = 0. Occasionally we will be interested in the superclass of metrics for wRidi5)
has only trivial solutions but for which we make no assumptions af®W6) and (2.17%)
we will call theseA ?-generic metrics. That is, a metric is2-generic if and only if the Weyl
curvature is injective (equivalently, maximal rank) as a bundle m&pM — A2TM. Let
|C|| be the natural conformal invariant which is the pointwise determinant of the map

C: A’T*M — A’°T*M, (2.18)

given byW,, — Cup W, and writeC 4 for the tensor field which is the pointwise adju-
gate (i.e. “matrix of cofactors”) of the Weyl curvature tensor, viewed as an endomorphism
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in this way. Then
Cor™ Car™ = ICISESH

and if g is a A2-generic metric theiiC|| is non-vanishing and we have
1N~ Cop ™ Cap™ = 8[50%. (2.19)

For later use note that it is easily verified tiia}. is natural (in fact simply polynomial in
the Weyl curvature) and conformally covariant.

For the remainder of this subsection we consider only generic metrics, except where
otherwise indicated. In this setting, we will prove that the following two conditions are
equivalent:

(i) The metricg,, is conformally Einstein.
(i) There exists a vector field#“ on M such that the following conditions [C] and [B] are
satisfied:

[C] Agpe + chdabc = 07 [B] Bap + (I’l - 4)KchCa'ubc =0.

Adapting a tradition from the General Relativity literature (originatinfgidy]), we call a
manifold for which the metrig,, admitsk“ such that condition [C] is satisfiedanformal
C-space. Note that such a metric isor necessarily conformal to a metric with vanishing
Cotton tensor since in [C] we are not requiriig to be a gradient. (Thus some care is
necessary when comparing wi0,19]for example where a space with vanishing Cotton
tensor is termed a C-space.) However, in the casegeheric metric satisfying condition
[C] the field K; must be a gradient. To see this také of equation [C]. This gives

V¢Aube + Caabre VEK? 4+ (n — 3)K“KCuape = 0,

where, in the last term, we have used idenfy6) and eliminatedd 4. via [C]. The last

term in this expression obviously vanishes identically. On the other hand the first term
also vanishes, because of ident{/7). Thus a simple consequence of equation [C] is
CaareVOK? = 0. Thus, since the metric is generic (in fact for this result we only need that
itis A2-generic), we can conclude that

viegd = o
Therefore, at least locally, there exists a functibsuch that

Kqs=V47T. (2.20)

Thus, we have shown that our conditions [C] and [B] are equivalent to the necessary con-
ditions(2.12) and (2.13jor a metric to be conformally Einstein.
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To prove the sufficiency we first také of [C]. This, after using the identit{2.5)and
the definition of the Bach tens¢2.2), takes the form

Bab + P Caabe — Caare VK + (n — 3)K K Cyape = 0.

Now, subtracting from this equation our second condition [B] we get
Caape(P* — VK4 + KYK) = 0. (2.21)

Next we differentiate equation [C] and skew to obtain
Var Acazas = CapazeaVar K = K/Vay Capagea = 0.

Then using2.3), the Weyl Bianchi identity2.4), and [C] once more we obtain
Cazazed(Pay® = Var K + Koy K¥) = 0

or equivalently
Chroty pedPH = VLK + KM K4 = 0. (2.22)

But this condition ang2.21)together imply thaP% — V¢ K¢ + k9 K¢ mustbe a pure trace,
due to(2.16) and (2.17)Thus,

n—2Ct

n

This, when compared with our previous reg@l20)on K¢, and with the conformal Einstein
equationg2.11) shows that our metric can be scaled to the Einstein metric with the function
T defined by(2.20) This proves the following theorem.

Theorem 2.2. A generic metric g, on an n-manifold M is conformally Einstein if and only
if its Cotton tensor Agpc and its Bach tensor By, satisfy

[C] Agbe + chdabc =0, [B] Bap + (I’l - 4)Kd cha'abc =0
for some vector field K* on M.

We will show below, and in the next section that [C] is conformally invariant and that,
while [B] is not conformally invariant, the system [C], [B]is. In particular [B] is conformally
invariant for metrics satisfying [C], the conformal C-space metrics. Next note that, although
we settled dimension 3 earlier, the above theorem also holds in that case since the Weyl
tensor vanishes identically and the Bach tensor is just a divergence of the Cotton tensor.
In other dimensions we can easily eliminate thletermined vector fieldkK from this
theorem. Indeed, using the tengaf||~1C.,* of (2.19)and applying it on the condition
[C] we obtain

”C”_léedhCAabc + %(Kegda — K48ea) = 0.



460 A.R. Gover, P. Nurowski / Journal of Geometry and Physics 56 (2006) 450—484
By contracting over the indicega}, this gives
2 -
K¢ = 17||C||*1Cd“bCAabc. (2.23)
—n

Inserting(2.23)into the equations [C] and [B] dfheorem 2.2we may reformulate the
theorem as the observation that a generic metjon ann-manifold M (wheren > 4) is
conformally Einstein if and only if its Cotton tensdr,;,. and its Bach tensaB,;, satisfy

[CT (1 —n)Auwe +21CI  Chapc C¥E Agy = 0
and
[B1 (n — 1By + 41 — A)|Cl72C%%8 Cape CM™ Ao Apiy = O.

These are equivalent to conditions polynomial in the curvature. Multiplying the left-hand
sides of [C] and [B] by, respectivelyj| C|| and||C||? we obtain natural (pseudo-)Riemannian
invariants which are obstructions to a metric being conformally Einstein,

FY. = (L= n)ICllAabe + 2Caanc CY%E A gy

abc

and
F2, = (n — 12IICI1?Bap + 41 — 4)CUE Cape C™M Ay Ania.

By construction the first of these is conformally covariant (see below), the second tensor is
conformally covariant for metrics such tthbc = 0, and we have the following theorem.

Theorem 2.3. A generic metric gqp on an n-manifold M (where n > 4) is conformally
Einstein if and only if the natural invariants F albc and F azb both vanish.

Remarks:

¢ Indimensiom = 4 there exist examples of metrics satisfying the Bach equations [B] and
not being conformally Einstein (see e[84]). In higher dimensions it is straightforward
to write down generic Riemannian metrics which, at least at a formal level, have vanishing
Bach tensor but for which the Cotton tensor is non-vanishing. Thus the integrability
condition [B] does not suffice to guarantee the conformally Einstein property of the
metric. In Sectiod we discuss an example of special Robinson—Trautman metrics, which
satisfy the condition [C] and do not satisfy [B]. (These are generic.) Thus condition [C]
alone is not sufficient to guarantee the conformal Einstein property.

e The development above parallels and generalises the tensor treatrfieitwhich is
based in dimension 4. It should be pointed out however that there are some simplifica-
tions in dimension 4. Firstlyfb simplifies to 9C||2Byp. It is thus sensible to use the
conformally invariant Bach tensa,;, as a replacement faF? in dimension 4. Also
note, from the development [t9], that the conditions that a metrig, be generic may
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be characterised in a particularly simple way in Lorentzian dimension 4. In this case they
are equivalent to the non-vanishing of at least one of the following two quantities:

C® = CapeaCef C™ 0 % C3 := Cypeq * Cop % CI,
Where*cabcd = CZde = eubef(:efcd'
2.5. Conformal invariants giving a sharp obstruction

We will show in the next section that the systems [C] and [B] have a natural and valuable
geometric interpretation. However its value, or the equivalent obstruciibasid F2, as a
test for conformally Einstein metrics is limited by the requirement that the metric is generic.
Many metrics fail to be generic. For example in the setting of dimension 4 Riemannian
structures any selfdual metric fails to be generic (and even fails th%generic), since
any anti-selfdual two form is a solution (.15} at each point the solution space(&f15)
is at least three-dimensional (§8&] for an explicit Ricci-flat example of this type). In the
remainder of this section we show that there are natural conformal invariants that are more
effective, for detecting conformally Einstein metrics, than the paiand F2.

Letus say that a (pseudo-)Riemannian manifolgrigkly generic if, at each poink € M,
the only solutionv¢ e T, M to

CapcaVi =0atxe M (2.24)

is V4 = 0. From(2.19)it is immediate that all\2-generic spaces are weakly generic and
hence all generic spaces are weakly generic. Via elementary arguments we will observe that
on weakly generic manifolds there is a (smooth) tensor ##f¢}.7 with the property that

D Chet, = 5.
Of courseD 4 is not uniquely determined by this property. However in many settings
there is a canonical choice. For example in the case of Riemannian sigpasureakly
generic if and only ifL§ := C“Cdecbade is invertible. Let us writel.{ for the tensor field
which is the pointwise adjugate of. L} is given by a formula which is a partial contraction
polynomial (and homogeneous of degrae-22) in the Weyl curvature and for any structure
we have

Tarb _ a

LyL: = |IL|I8,,
where||L|| denotes the determinant bf,. Let us define

Dacde - —Z,ZCdee

ThenD“ js a natural conformal covariant defined on all structures. On weakly generic Rie-
mannian structures, or pseudo-Riemannian structures where wef hven-vanishing,
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there is a canonical choice fa, viz.
Z)acde := ”L”—lDacde — _||L||—1£ZCdee (225)

In other signatures we may obtain a smod,¢ by a similar argument but the
construction is no longer canonical. On a manifdfdwith a metricg of indefinite sig-
nature this goes as follows. Instead of definings above let.} = cacdey . Where
Cacde = gul gthgdigei C g1 with g%/ the inverse of any fixedhoice of smooth positive def-
inite metric g on M. (Here C p,;; is the Weyl curvature for the original metric) Then
as above we have that the metgds weakly generic if and only ifL§ is invertible.
Thus, with LZ and ||L|| denoting, respectively, the pointwise adjugate and the determi-
nant of L¢, it is clear that by constructioP®? := —|L||"1L,,CP is smooth and gives
D%y Cpee = —55.

The last construction argument proves the existence of a snibothindefinite weakly
generic manifolds but the construction is not canonical since it depends on the artifi-
cial choice of the auxiliary metrig. The main interest is in canonical constructions.
Another such construction arises if (in any signatugels A2-generic. Then we may
take

~ 2 ~
Dacde — ”C”—lcacde (226)
1—n

as was done implicitly in the previous section. Re€i ;¢ is conformally invariant and
natural. The example®.25) and (2.26are particularly important since they are easily
described and apply to any dimension (greater than 3). However in a given dimension there
are many other possibilities which lead to formulae of lower polynomial order if we know,
or are prepared to insist that, certain invariants are non-vanishinfl@ger a discussion

in the context ofA2-generic structures). For example in the setting of dimension 4 and
Lorentzian signature\?-generic implie<C® = €., C.4¢/ C.r is non-vanishing and one
may takeD?d = C% , Cfsc@/C3 cf. [19]. In any case let us fix some choice r Note

that since the Weyl curvatur€,.?, for a metricg is the same as the Weyl tensor for a
conformally related metrig,”it follows that we can (and will) use the same tensor field
D 4 for all metrics in the conformal class.

For weakly generic manifolds it is straightforward to give a conformally invariant tensor
that vanishes if and only if the manifold is conformally Einstein. For the remainder of this
section we assume the manifold is weakly generic.

We have observed already that the conformally Einstein manifolds are a subclass of
conformal C-spaces. Recall that a conformal C-space is a (pseudo-)Riemannian manifold
which admits a 1-form fiel&, which solves the equation [C]:

Aahc + chdahc =0.

If k¢ andk4 are both solutions to [C] then, evidentlk{ — K4)Cuusc = 0. Thus, if the
manifold is weakly generick{ = K4. In fact if K, is a solution to [C] then clearly

Kq = Da™ Aupe. (2.27)
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which also shows that at most one vector figlfisolves [C] on weakly generic manifolds.
From either result, combined with the observations that the Cotton tensor is preserved by
constant conformal metric rescalings and that constant conformal rescalings take Einstein
metrics to Einstein metrics, we have the following results.

Proposition 2.4. On a manifold with a weakly generic metric g, the equation [C] has at
most one solution for the vector field K9.

Either there are no metrics, conformally related to g, that have vanishing Cotton tensor
or the space of such metrics is one-dimensional. Either there are no Einstein metrics,
conformally related to g, or the space of such metrics is one-dimensional.

If g is a metric with vanishing Cotton tensor we will say this i§-@pace scale.

Now, for an alternative view of conformal C-spaces, we may (ak&7)as thedefinition
of K;. Note then that fronf2.10) a routine calculation shows thatye = Aupe + Y*Craver
and so (using the conformal invariancefm;“bc) K4 = D;%¢ Az has the conformal trans-
formation

K4 = Kq— Y4,

where A, andK,; are calculated in terms of the metge=e?Y g and Y, = V, Y. Thus
Aape + K4Caape is conformally invariant. FronProposition 2.4and(2.27)this tensor is a
sharp obstruction to conformal C-spaces in the following sense.

Proposition 2.5. A weakly generic manifold is a conformal C-space if and only if the
conformal invariant

ik
Aape + D Ak Caape
vanishes.

In any case wher®?/* is given by a Riemannian invariant formulae rational in the
curvature and its covariant derivatives (ezgs of Riemannian signature, or thais A2-
generic) we can multiply the invariant here by an appropriate polynomial invariant to obtain
anatural conformal invariant. Indeed, in the settingéfgeneric metrics, the invariaf, .

(from Section2.4) is an example. Since, af?-generic manifolds, the vanishing (Ei;lbc
implies that(2.23)is locally a gradient, we have the following theorem.

Theorem 2.6. Fora A?-generic Riemannian or pseudo-Riemannian metric g the conformal

. 1
covariant Fy, ,

(L= )ICll Aabe + 2CaapcCYB A gy

vanishes if and only if g is conformally related to a Cotton metric (i.e. a metric g such that
its Cotton tensor vanishes, Agpe = 0).

In the case of Riemannian signatuté-generic metrics we may replace the conformal

invariantFalbc in the theorem with the conformal invariant,

LIl Agbe — CﬁfghAfthZCdubc, n>4. (2.28)
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In dimension 4 there is an even simpler invariant. Note that in dimension 4 we have
4CadeCahce — |C|28§, (229)

where|C|2 := ¢ C,,., and soL is a multiple of the identity. Eliminating, frort2.28)
the factor of (C|2)2 and a numerical scale we obtain the conformal invariant

|C|2Aabc - 4Cde'ngefngab07 n=4,

which again can be used to repldéj%c in the theorem for dimension42-generic metrics.
We can also characterise conformally Einstein spaces.

Proposition 2.7. A weakly generic metric g is conformally Einstein if and only if the
conformally invariant tensor

Eqp = Trace-free[Pap — Va(Dbede A“%) + Daiji A Dipoae A]
vanishes.

Proof. The proof thatE,, is conformally invariant is a simple calculation usi{@y10)and
the transformation formula fak; = D% A gpe..
If g is conformally Einstein then there is a gradiéntsuch that

Trace-freeP,, — V,Yp + Y, Yp] = 0.

From SectiorR.3this impliesY, solves the C-space equation ($2€.2) and hence, from
(2.27) Yu = Daije A%, and SoE,, = 0.

Conversely suppose that;, = 0. Then the skew part &, vanishes and sind&,, and
Daijk A7 Dpege A% are symmetric we conclude thBi,.q. A% is closed and hence, locally
at least, is a gradient.(d

Now suppose|L || is non-vanishing and takB,.; to be given as ir{2.25) Note that
sinceE,y, is conformally invariant it follows thall L ||2E,, is conformally invariant. This
expands to

Gap = Trace-free[L11*Pap — IIL1IVa(Dpede A%) + (ValILI1)(Dpede A)
+ DaijkAijk DbcdeACde] .

This is natural by construction. Since it is given by a universal polynomial formula which
is conformally covariant on structures for whid.|| is non-vanishing, it follows from

an elementary polynomial continuation argument that it is conformally covariant on any
structure. Noté| L || is a conformal covariant of weight4n. Thus we have the following
theorem on manifolds of dimensian> 4.

Theorem 2.8. The natural invariant Gy is a conformal covariant of weight —8n. A
manifold with a weakly generic Riemannian metric g is conformally Einstein if and only
if Ggap vanishes. The same is true on pseudo-Riemannian manifolds where the conformal
invariant ||L|| is non-vanishing.
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Recall that in dimension 4 we have the iden{2y29) Thus||L|| is non-vanishing if and
only if |C|? is non-vanishing and we obtain a considerable simplification. In particular the
invariantG,;, has an overall factor of |%)® that we may divide out and still have a natu-
ral conformal invariant. This corresponds to taking|€)2E., with D = —ﬁcab”‘f .

Hence we have a simplified obstruction as follows.

Theorem 2.9. The natural invariant
Trace-free[(|C|?)?Pap + 4|C*Va(Chede A“Y) — 4Cpede A Va|C|?
+ 16CaijkAijkacdeACde]

is conformally covariant of weight —8.
A 4-manifold with |C|? nowhere vanishing is conformally Einstein if and only if this
invariant vanishes.

In the case of Riemannian 4-manifolds, requirii@j? non-vanishing is the same as
requiring the manifold to be weakly generic. In this setting this is a very mild assumption;
note thatC|? = Oatp € M ifand only if Cocq = O atp (and so the manifold is conformally
flat atp).

Note also that if we denote by, the natural invariant in the theorem then on Riemannian
4 manifolds the (conformally covariant) scalar functily, F*° is an equivalent sharp
obstruction to the manifold being conformally Einstein.

Now suppose we are in the setting/of-generic structures (of any fixed signature). Then
Eq, is well defined and conformally invariant with,,.; given by(2.26) Thus again by
poly2r10mial continuation we can conclude that the natural invariant obtained by expanding
ICII“Eap, Viz.

Gap = Trace-free[(1- n)?||C|1?P s — 2(1 — n)||CI|Va(Chede A°%)
+2(1— n)(Val CIN(Crode A%) + AC ik AT Cpoge A%
is conformally covariant on any structure (i.e. not necessafygeneric). Thus we have

the following theorem on manifolds of dimensioer> 4.

Theorem 2.10. The natural invariant éab is a conformal covariant of weight 2n(1 — n).
A manifold with a A%-generic metric g is conformally Einstein if and only if G4y vanishes.

We should point out that there is further scope, in each specific dimension, to obtain
simplifications and improvementsihieorems 2.8 and 2. Hdong the lines oTheorem 2.9
For example in dimension 4 the complete contractitin= C,,? Cy®f C,r%?, mentioned
earlier, is a conformal covariant which is independencf (see e.gj26]). Thus on pseudo-
Riemannian structures this may be non-vanishing wiggh= 0. There is the identity

4Clbcd Ccdt’f Cefib — (Sl/ Cabcd Ccdef Cefab

and this may be used to construct a formulafotand thenk ; via (2.23) alternative to
(2.25) and (2.26)(Se€[19] for this and some other examples.)
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Finally note that although generally we need to make some restriction on the class of
metrics to obtain a canonical formula f,.4. in terms of the curvature, in other circum-
stances it is generally easy to make a choice and give a descriptio®oFar example
in a non-Riemannian setting one can calculate in a fixed local basis field and artificially
nominate a Riemannian signature metric. Using this to contract indices of the Weyl cur-
vature (given in the set basis field) one can then use the formuladad thenD. In this
way Proposition 2.14s an effective and practical means of testing for conformally Einstein
metrics, among the class weakly generic metrics, even when it does not lead to a natural
invariant.

3. A geometric derivation and new obstructions

The derivation of the system @heorem 2.2ppears ad hoc. We will show that in fact [C]
and [B] are two parts (or components) of a single conformal equation that has a simple and
clear geometric interpretation. This construction then easily yields new obstructions. This is
based on the observation that conformally Einstein manifolds may be characterised as those
admitting a parallel section of a certain vector bundle. The vector bundle concerned is the
(standard) conformal tractor bundle. This bundle and its canonical conformally invariant
connection are associated structures for the normal conformal Cartan conned®n of
The initial development of the calculus associated to this bundle dates back to the work
of Thomas[31] and was reformulated and further developed in a modern settifi].in
For a comprehensive treatment exposing the connection to the Cartan bundle and relating
the conformal case to the wider setting of parabolic structurefrsgle The calculational
techniques, conventions and notation used here fqi@l5].

3.1. Conformal geometry and tractor calculus

We firstintroduce some of the basic objects of conformal tractor calculus. Itis useful here
to make a slight change of point of view. Rather than take as our basic geometric structure
a Riemannian or pseudo-Riemannian structure we will take as our basic geometry only a
conformal structure. This simplifies the formulae involved and their conformal transforma-
tions. It is also a conceptually sound move since conformally invariant operators, tensors
and functions are exactly the (pseudo-)Riemannian objects that descend to be well defined
objects on a conformal manifold. A signatugg §) conformal structure [g] on a manifold
M, of dimensionn > 3, is an equivalence class of metrics where % if 7 = e?Yg for
someY e . A conformal structure is equivalent to a ray subbur@lef S27*M; points
of Q are pairs {,, x) wherex € M andg, is a metric ak, each section of gives a metric
g on M and the metrics from different sections agree up to multiplication by a positive
function. The bundl& is a principal bundle with grouf®,., and we denote b§[w] the
vector bundle induced from the representatio®RgfonR given byr — r~*/2, Sections of
&[w] are called aonformal densities of weight w and may be identified with functions on
Q that are homogeneous of degieg.e., f(s%gy, x) = s* f(gx, x) for anys € R,.. We will
often use the same notatiéfw] for the space of sections of the bundle. Note that for each
choice of a metrig (i.e., section o2, which we term ahoice of conformal scale), we may
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identify a sectionf e £[w] with a function f, on M by f,(x) = f(gx, x). This function is
conformally covariant of weight in the sense of Sectia® since ifg = €?* g, for some
T € &, then f3(x) = f(€#T* gy, x) = € Tx f(gx, x) = €T+ £,(x). Conversely conformally
covariant functions determine homogeneous sectior@ ahd so densities. In particular,
£[0] is canonically identified witf.

Note that there is a tautological functigron Q taking values ir§27* M. Itis the function
which assigns to the poing{, x) € Q the metricg, atx. This is homogeneous of degree 2
sinceg(s?g,, x) = s%g,. If £ is any positive function o® homogeneous of degree? then
&gisindependent of the action Bf, on the fibres 0B, and sa& g descends to give a metric
from the conformal class. Thuyg determines and is equivalent to a canonical section of
Eap[2] (called the conformal metric) that we also dengtér g,;,). This in turn determines
a canonical sectiop™ (or g~1) of £%°[—2] with the property thag ,,g* = 5 (wheres is
kronecker delta, i.e., the section&f, corresponding to the identity endomorphism of the
tangent bundle). In this section the conformal metric (and its invgf¥ewill be used to
raise and lower indices. This enables us to work with density valued objects. Conformally
covariant tensors as in Secti@correspond one-one with conformally invariant density
valued tensors. Each non-vanishing sectonf £[1] determines a metrig® from the
conformal class by

¢’ =0 g. (3.1)

Conversely ifg € [¢] then there is an up-to-sign uniqaec £[1] which solvesg = 0—?g,
and soo is termed a choice of conformal scale. Given a choice of conformal scale, we
write V, for the corresponding Levi—Civita connection. For each choice of metric there is
also a canonical connection 8fw] determined by the identification é{w] with &, as de-
scribed above, and the exterior derivative on functions. We will also call this the Levi—-Civita
connection and thus for tensors with weight, eige &£,[w], there is a connection given
by the Leibniz rule. With these conventions the Laplachais given byA = gV, Vv, =
VbV,

We next define the standard tractor bundle owr [(g]). It is a vector bundle of rank
n + 2 defined, for each € [g], by [£4], = &£[1] @ &,[1] @ £[-1]. If g = €?7 g, we identify
(o, g, 7) € [SA]g with (&, fi4, T) € [SA]Q by the transformation

a 1 0 O o
e | = Ty 3ah 0 Mb | - (32)
7 —irore —xb 1) \ ¢

It is straightforward to verify that these identifications are consistent upon changing to
a third metric from the conformal class, and so taking the quotient by this equivalence
relation defines theandard tractor bundle £* over the conformal manifold. (Alternatively

the standard tractor bundle may be constructed as a canonical quotient of a certain 2-
jet bundle or as an associated bundle to the normal conformal Cartan Héhgll&he
bundle£4 admits an invariant metrié 4 of signature p + 1, ¢ + 1) and an invariant
connection, which we shall also denote By, preservingz,p. In a conformal scalg,
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these are given by

0 0 1 o Voo — g
hap=|0g4 O and Vi | up | = | Vatts + g7 + Papar
100 : Yt — Payii®

Itis readily verified that both of these are conformally well defined, i.e., independent of the
choice of a metrig¢ € [g]. Note thath 4 p defines a section &4 = £4 ® Ep, Wherel, is

the dual bundle of“. Hence we may usk, 3 and its inversé&A? to raise or lower indices

of £4, &4 and their tensor products.

In computations, itis often useful to introduce the ‘projectors’ fihto the components
&[1], &,[1] andE[—1] which are determined by a choice of scale. They are respectively de-
noted byX 4 € E4[1], Zaq € Eaall] andYy € E4[—1], whereE g, [w] = 4 ® £, ® E[w],
etc. Using the metricg 45 and g, to raise indices, we defing4, z44, Y4, Then we
immediately see that

YaX4 =1, ZanZ2 = g,

and that all other quadratic combinations that contract the tractor index vanish. This is
summarised ifFig. 1

Itis clear from(3.2)that the first componentis independent of the choice of a represen-
tativeg and hence&’* is conformally invariant. FoZ4¢ andy4, we have the transformation
laws:

7Aa — zAa | yayA ¥4 =y -1,z - Iv,rxA (3.3)

Given a choice of conformal scale we have the corresponding Levi—Civita connection
on tensor and density bundles. In this setting we can use the coupled Levi—Civita tractor
connection to act on sections of the tensor product of a tensor bundle with a tractor bundle.
This is defined by the Leibniz rule in the usual way. For exampl@ #¢a € £ ® £ ®
Elw] =: &€ [w] thenV,u’VCa = (Vub)VCea + ub(V,VO)a + u? VEV,a. Herev means
the Levi—Civita connection om’ € £” anda € £w], while it denotes the tractor connection
on V€ e £°. In particular with this convention we have

VoXa = Zaa, VaZapb=—PwpXa —Yagu, Va¥a =P Zal. (3.4)

Note that ifV is a section 0€y4,...4,[w], then the coupled Levi—Civita tractor connec-
tion on V' is not conformally invariant but transforms just as the Levi—Civita connection
transforms on densities of the same weighty = V,V + wY,V.

‘ YA ZAc XA

Yy, |0 o 1
Zw | 0 08 0
X, | 1 0 o

Fig. 1. Tractor inner product.
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Given a choice of conformal scale, thactor-D operator
Dy . SB...E[U)] — EAB...E[LU — 1]

is defined by
DAV =+ 2w — 2QwYsV + (n + 2w — 2)Z4,V4V — X 400V, (3.5)

whereV := AV + wP,V. This also turns out to be conformally invariant as can be
checked directly using the formulae above (or alternatively there are conformally invariant
constructions oD, see e.g[14]).

The curvature? of the tractor connection is defined by

[Va, Vo] VE = Qo g VE (3.6)

for V€ e £°. Using (3.4) and the usual formulae for the curvature of the Levi-Civita
connection we calculate (d2])

Qupce = ZCCZEeCabce - 2X[CZE]"Aeab~ (37)

From the tractor curvature we obtain a related higher order conformally invariant curva-
ture quantity by the formula (cf14,15)

3
Wackr = mDAX[AQBC]EF-

It is straightforward to verify that this can be re-expressed as follows:
Wapce = (n — 8)ZaZE"Qubce — 2X[4 Z5)" VP QpicE- (3.8)

This tractor field has an important relationship to the ambient metric of Fefferman and Gra-
ham. For a conformal manifold of signhaturg ¢) the ambient manifolfiL1] is a signature

(p + 1, ¢ + 1) pseudo-Riemannian manifold wif® as an embedded submanifold. Suit-
ably homogeneous tensor fields on the ambient manifold upon restrict@rd&termine
tractor fields on the underlying conformal manif¢8]. In particular, in dimensions other
than 4,W4pcp is the tractor field equivalent ta (— 4)R|o whereR is the curvature of the
Fefferman—Graham ambient metric.

3.2. Conformally Einstein manifolds

Recall that we say a Riemannian or pseudo-Riemannian ngésrimonformally Einstein
if there is a scal& such that the Ricci tensor, or equivalently the Schouten tensor, is pure
trace. Thus we say that a conformal structigg conformally Einstein if there is a metric
g in the conformal class (i.ez € [g]) such that the Schouten tensor f@iis pure trace.
We show here that a conformal manifoltf([¢]) is conformally Einstein if and only if it
admits a parallel standard tracidrwhich also satisfies the condition thé I is nowhere
vanishing. Note that in a sense the “main condition” is thaparallel since the requirement
thatX 414 is non-vanishing is an open condition. In more detail we have the following result.
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Theorem 3.1. On a conformal manifold (M, [g]) there is a 1-1 correspondence between
conformal scales o € E[1], such that §° = o~2g is Einstein, and parallel standard tractors
1 with the property that X A1? is nowhere vanishing. The mapping from Einstein scales to
parallel tractors is given by o +—> %DAU while the inverse is T — X 4IA.

Proof. Suppose that), [g]) admits a parallel standard tract such that := X414 is
nowhere vanishing. Since € £[1] and is non-vanishing it is a conformal scale. lgebe
the metric from the conformal class determinedhyhat isg = g = o 2g asin(3.1). In
terms of the tractor bundle splitting determined by this méttiis given by some triple with
o asthe leading entry]l’f]g = (0, ug, 7). From the formula for the invariant connection we
have

Va0 — Uq
0=[VI®lg = | Vaus+ gyt +Puso | . (3.9)
Vgt — Pab,ub

Thusu, = V,0, butV,o = 0 by the definition ofV in the scales. Thusu, vanishes,
and the second tensor equation fr(8r) simplifies to

PabO' = _gabfv

showing that the metrig is Einstein. Note that tracing the display gives- —%Jo.

To prove the converse let us now suppose thista conformal scale so that= 0 —2g
is an Einstein metric. That is, for this metric P, is pure trace. Let us work in this
conformal scale. Then we hatkg, = %gde. ThusV“P,, = (1/n)V,dJ. On the other hand
comparing this to the contracted Bianchi identityP,, = V,J we have thatv,J = 0.
Now, we define a tractor fielt* by I* := 1 D4c. Then [, := (0, 0, —1Jo). Consider
the tractor connection on this. We have

V.o

[Va]IB]g = —%gabda + Papo
— oV +IV,0)

Once again, by the definition of the Levi—Civita connecfioas determined by the scate

we haveVo = 0. SinceP,, = %gde the second entry also vanishes. The last component
also vanishes fronvJd = 0 andVo = 0. Sol is a parallel standard tractor satisfying that
X AI4 = o is non-vanishing. [

Remarks:

e Note thati(I, I) is a conformal invariant of density weight 0. In fact from the formulae
above, in the Einstein scalg(l, I) = —%ozd. Recall that in this sectioh= g*’P,,;, and
so has density weight2 and

O'ZJ — ngabpab — gabpab.
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Thatis—5A(I, T) is the trace of Schouten tensor using the metric determined $ince
V preserves the tractor metric alds parallel we recover the (well known) result that
P.» (and its trace) is constant for Einstein metrics.

e Suppose we drop the condition that= X4, is nowhere vanishing. [f* is parallel
then from(3.9)it follows that 1, = V,o. Furthermore tracing the middle entry on the
right-hand side of3.9)implies thatr = —%Do. Infactif V,Ip = O atp € M then there
existso € £[1] so that ap we havelz = 2 Dgo. Now clearly 2 X#Dgo = o vanishes
on a neighbourhood if and only f—lfDBo vanishes on the same neighbourhood. So for
parallell4, X 414 is non-vanishing on an open dense subseofhe points where
vanishes are scale singularities for the megrie o—2g.

e The relationship between parallel tractors and conformally Einstein metrics, while im-
plicit in [2], was probably first observed and treated in some detail by Gauduchon in
[13] (and we thank Claude LeBrun for drawing our attention to Gauduchon'’s results in
this area). On dimension 4 spin manifolds it is straightforward to show that the standard
tractor bundle is isomorphic to the second exterior power of PenrZsg'&cal twistor
bundle. Under this isomorphisirmay be identified with théxfinity twistor (defined for
spacetimes). The relationship to conformal Einstein manifolds is well kri@@i2]in
that setting.

e We should also point out that the theorem above can alternatively be deduced, via some
elementary arguments but without any calculation, from the construction of the tractor
connection as if2].

Next we make some elementary observations concerning parallel tractors.

Lemma 3.2. On a conformal manifold let N be a parallel section of the standard tractor
bundle T. Then:

chDENE =0 and WBCDENE =0.

Proof. By assumption we hav®,N? = 0. ThusQ,.PgNE = [V,, V. ]JNP = 0 and the
first result is established.

Next W a,PeNE = n—fz(DAOXAOZAleAZCQ;,CDE)NE, where, as usual, sequen-
tially labelled indices e.gAg, A1, A2 are implicitly skewed over. Now the quantity
X 40ZA,"Z 4, QP £ has (density) weight-1, so from the formul3.5)for D, we have

(DX A0Za,"Z 2, P E)NE = (4= n)YAOX 00 Z0, " Z 0, Q" ENE
+(n — )2V X 0o Z A, Z 2y e E)N®
— (XAAX 0 Z A, Z 2, P E)NE
+JXA0X 40 Z4, " Z 4, 2P ENE,

whereV and A act on everything to their right within the parentheses. The first and last
terms on the right-hand side vanish from the previous result. (In fact for last term we could
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also use thak 40X 4, Z4,Z 4,° = 0.) Next observe that, sinééN = 0, we have

(Z2Y X 4o Z 4" Z 4, Qe PE)NE = 229V (X 4y Z 4, Z 4, e PENE) = 0,
where we have again used the earlier resejt,” e NE = 0. Similarly

(XAOAX 4, Za, P Z 4, e PE)NE = XAOA(X 4y Z " Z 4, P ENE) =0. O

From the lemma it follows immediately that on conformally Einstein manifolds the

parallel tractoil, of Theorem 3.1satisfies2,.” c1f = 0 andWpcprlf = 0. In general the
converse is also true. More accurately we have the result given in the following theorem.
Before we state that, note that since the Weyl curvature is conformally invariant it follows
that Eqs(2.15)—(2.17are conformally invariant. Thus if any metric from a conformal class
is generic then all metrics from the class are generic and we will describe the conformal

class as generic.

Theorem 3.3. A generic conformal manifold of dimension n # 4 is conformally Einstein
if and only if there exists a tractor field 14 € 4 such that X 41? is non-vanishing and

Wacpelf = 0.

A generic conformal manifold of dimension n = 4 is conformally Einstein if and only if
there exists a tractor field 14 € EA such that X 41 is non-vanishing,

chDEﬂE =0 and WBCDE]IE =0.

Proof. We have shown that on a conformally Einstein manifold there is a (parallel) standard
tractor field satisfying

(i) X4I* nowhere vanishing,
(i) QucPElf =0,
(i) WBCDE]IE =0.

It remains to prove the relevant converse statements. First we observe that given (i), (ii)
is exactly the conformal C-space equation. From above we have that

QabCE = ZCCZEeCabce - XCZEeAeab + XEZCeAealr
A general tractoi® € £4 may be expanded to
£ =vfo + ZF9u, + xFr,

whereo = X 414 and we assume this is non-vanishing. Hence

Qubciell = 0ZcAcap + Zc 1 Capea — X Adap- (3.10)
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Setting this to zero, as required by (ii), implies that the coefficieitgf must vanish, i.e.,
0Acab + Mdcabcd =0, or
Acab + KCheay =0, K% := -1, (3.11)
which is exactly the conformal C-space equation [C] aSheorem 2.2Contracting this
with u¢ (or K¢€) annihilates the second term and so

wd Agap = 0,

whence the coefficient af ¢ in (3.10)vanishes as a consequence of the earlier equation
and it is shown that (with ()R.c£IF = 0 is exactly the conformal C-space equation.
Now recall

Wecpe = (n — A)ZE" Zc Qene — 2X(8Zc)e VO QuenE,

and so, in dimensions other Wzcpelf = 0 impliesQ,.prIf = 0 (and hence the con-
formal C-space equation). From the display we see Wgtp I = 0 also implies that
1£V4Qu.pE = 0 or equivalentlyy 11 V*Q,.pr = 0. Once again using the formulae for
the tractor connection we obtain

VQuepE = (0 — N Zp? ZAcde — XpZEBec + XEZD Bec, (3.12)

whereB,. is the Bach tensor. Henee 11£V¢Q,.pr = 0 expands to
—(n — 4)Zp?K*Acae + XpK®Bee + Zp” Bye = 0.

From the coefficient of p¢ we have
Bue — (n — 8K  Agge = O

which, with the conformal C-space equation (and siBig symmetric), gives
Bea+(n— 4)K6Kacacde =0 (3.13)

which is exactly the second equation [B] Bfieorem 2.21f this holds then it follows at

once thatk“ B.;, = 0 and so in the expansion of LIEV4Q,.pr = 0 the coefficient of(
vanishes without further restriction. Thus we have shown that in dimensions other than 4
the single conformally invariant tractor equatitfgcprl? = 0 is equivalent to the two
equations [C] and [B]. In dimension 4 it is clear frdt8)thatWacprlf = 0is equivalent

to 1£V9Q,.pr = 0 and this withiQ,.pr = 0 gives the pair of equations [B] and [C]. In
either case then the theorem here now follows immediately ffbeorem 2.2 [

Remarks:
e Note that conditions (i), (ii) and (iii), as in the theorem, do not imply thist parallel.

On the other hand the theorem shows that if there exists a standard fraatefying
these conditions then (on generic manifolds) also there exists a parallel standard'tractor
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satisfying these conditions. Calculating in an Einstein scale, it follows from the conformal
C-space equation that one Heé,I, = Z4,I, = 0. Hence thal’ = fI + pX for some
sectionp of £[—1] and non-vanishing functiof

e Recall that in Sectio8.1we pointed out that in dimensions other tha, ¢ p is the
tractor field equivalenf8] to (n — 4)R|o whereR is the curvature of the Fefferman-—
Graham ambient metric. Thus, in these dimensions, the conditiggcpI® = 0 is
equivalent to the existence of a suitably homogeneous and generic ambient tangent
vector field along? in the ambient manifold which annihilates the ambient curvature.

e \We had already observed in Secti®ib that Agpe + K¢ Caape is conformally invariant
if we assume thak; has the conformal transformation lak, = K, — Y, (where
g = €2Tg). From the proof above we see this transformation formula fits naturally into
the tractor picture and arises frof8.2) since K, is a density multiple of the middle
component of a tractor field according(®11)

3.3. Sharp obstructions via tractors

Theorem 3.3jives a simple interpretation dheorem 2.2n terms of tractor bundles.
In the proof of this above, this connection was made by recovering the familiar tensor
equations from SectioB. Here we first observe that entire derivationTdfeorem 2.2and
its proof reduces to a few key lines if we work in the tractor picture. This then leads to a
stronger theorem as below.

We summarise the background first. Frdimeorem 3.1ve know that the existence of a
conformal Einstein structure is equivalent to the existence of a parallel tiag@bpoints
whereX 414 = 0). This immediately implies that the tractor curvat§tg,cp satisfies

[C] 1°Qucp =0, [B] I°V*Qucp = 0.

We have labelled thesé] and [B] since (as shown in the proof above) the first equation is
equivalent to the earlier [C] and, given this, the second equation is equivalent to the earlier
equation [B]. The conformal invariance of the systems [C] and [B] is now immediate in all
dimensions from the observation that the conformal transformatiai &f,,cp is

VaQapcp = VQabep + (n — 4)YQapcp, (3.14)

and whence the conformal transformation of the left-hand side of equ&]as |
I V/“Q\ahCD =IPV*Qupcp + (n — 4)TI° Qupcp.

whereg = 2T g; from this it is immediate thaf] is invariant on metrics that solv€]. We
should point out that in dimension 4 it follows immediately fr¢dal2)thatl”’ V¢ Q,cp =
04 VQuep =04 By, =0.

Now we are interested in the converse. We will show that if the displayed equaflpns |
and [B] hold for some tractol, satisfying thatX 4T# is non-vanishing, then the structure is
conformally Einstein. Here is an alternative proofldtfeorem 3.3and hence an alternative
proof of Theorem 2.2 Equation £] implies thatV,, (Qu,qscpl?’) = 0, where as usual
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sequentially labelled indices are skewed over. From the Bianchi identity for the tractor
curvature Vq, Qa,q;cp = 0, it follows that

QuyascpVa IP = 0. (3.15)

Now equation €] implies [C], viz. Acup + K¢Caeap = 0. As we saw earlier this (using that
the metric isA2-generic) implies thak, is a gradient and that there is a conformal scale
such that the Cotton tensag,, vanishes. In this special C-space scale (see Se2iipit is
clear thatk, is also zero an(B.15)simplifies (using3.9) and (3.7)to Paldcazang =0

or equivalently

Ch ooy peaP = 0. (3.16)

Note that ifC* is suitably generic this already implies that the metric that gives the special
C-space scale is Einstein.

Using only the weaker assumption that the manifold is generic in the sense of Section
2.4 we must also usel§|]. The argument is similar to the above. Equati@j jmplies
V(1P Qupcp) = 0. Thus usingB] we have

n—2cd

(VIP)Qubcp = 0.

In the special C-space scale this expand%“técabcdzfc = 0, which is equivalent to
P Capeq = 0. (3.17)

Clearly Egs(3.17) and (3.16)mply thatP is pure trace on generic manifolds and so the
theorem is proved. In fact these E¢&17) and (3.164re respectively Eq§2.21) and (2.22)
both written in the C-space scale.

The construction of the systeni8][and [C] immediately suggests alternative systems.
In particular we have the following results which only requires the manifold to be weakly
generic.

Theorem 3.4. A weakly generic conformal manifold is conformally Einstein if and only if
there exists a non-vanishing tractor field 14 € E* such that

[C] 15QuepE =0, [O] 1°V.Qpepe =0.
The systems [C] and [D] are conformally invariant.

Proof. Note that from(2.9), and the invariance of the tractor connection, we have
1EV,QpepE = 15VaQpenE — 2YalF Quene — TpIE Qucpe — YIF QapE
+ 8ap Y IEQuepE + 80 Y IE Qi

whereg = €T g, and so P] is conformally invariant if the conformally invariant equation
[C] is satisfied; the system&] and D] are conformally invariant.

If the manifold is conformally Einstein then there is a parallel tradfor We have
observed earlier that this satisfi€ [ Differentiating [C] and then using once again tHit
is parallel shows thaf]] is satisfied.
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Now we assume tha€]] and P] hold. If I = Y£o + ZE4 1, + XE1, thenQupcpIE is
given by(3.10) Suppose that 4,14 = & vanishes at some pointThen from(3.10)we have
w1 Cupeq = 0 atr (andu? Age, = 0 atx) and so, since the conformal class is weakly generic,
p?(x) = 0. Thusl® = tX£, atx, and D] gives X£V,Qcpr = 0 atx. But, vV, XE = ZE,
and from(3.7) XEQpepr = 0,and S p?Crpeda — X pAape = ZE 4Qpepr = 0 atx. But this
meansCp.4,(x) = 0 which contradicts the assumption that the conformal class is weakly
generic. SaX 414 is non-vanishing.

Now, differentiating £] and then usingi)] we obtain

chDEVuHE =0.

But, since the manifold is weakly gene[i@,bcDE must have rank at least as a map
QpepE : EP — £g. Also, from(3.7)and [C], X andI* are orthogonal to the range. So
the display implies that

Vo IE = o IF + B XE,

for some 1-formsy, andg,. (An alternative explanation is to note, as earlier, thatkfis
not a multiple ofX* andQ.prU¥ = 0 then from(3.7) it follows that U determines a
non-trivial solution of the equation [C]. Sin@é also determines such a solution it follows
at once fronProposition 2.4hatU” = «l* + gX*.) Differentiating again and alternating
we obtain

QpaE pIP = ZHEV[baa] + Za[aah]]IE + 2ot Bp) xE+ ZXEV[;,ﬂa] + Zﬂ[aZEb].

The left-hand side vanishes by assumption and of comgse; I = 0. ContractingX ¢
into the remaining terms brings us to

0 = 20V[qp]
and sax is closed. Locally then, = V, f for some functiorfand sd£ := e~/I¥ satisfies
V. IF = B, x* (3.18)

for some 1-formB,. Expanding®: 1 = y£& + zE4 1, + XE% we haveX 1€ = & (which
is non-vanishing) and, fror8.18), the equations

Va6 — lla =0, va,ab + gab% +Puo =0

cf. (3.9). So for the metrig := 6~2g we haveu;, = V,& = 0 andP,; + g,,7/6 = 0. That
is the metricg is Einstein (and,} DG is parallel). O

We have the following consequence of the theorem above.
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Corollary 3.5. A weakly generic pseudo-Riemannian or Riemannian metric g on an n-
manifold is conformally Einstein if and only if the natural invariants

Qapk Dy RedLD Ve fgPDyy1 VS0 D, 45

for s=0,1,...,n+ 1, all vanish. Here the sequentially labelled indices D1, ..., D12
are completely skewed over.

Proof. The theorem can clearly be rephrased to stategtigtonformally Einstein if and
only if the map

(QepEs VaSenE) : P @ €70 — & (3.19)

given by
(VPP WPy s VPP Qy pE + WPV Qe

fails to have maximal rank at every point ¢f. But by elementary linear algebra this
happens if and only if the induced alternating multi-linear maptd2() vanishes. This

is equivalent to the claim in the Corollary, since for any metric the tractor curvature satisfies
QepeXf=0. O

If M is oriented (which locally we can assume with no loss of generality) then it is
straightforward to show that there is a canonical skew- @)-tractor consistent with the
tractor metric and the orientation. Let us denote thiseby ¢++2. Using this, we could
equally rephrase the Corollary in terms of the invariants

D1Dy--Dy Dy i1+ DpyaD
€ L2 s Bl Bt 12 Q0 bk Dy QedL Dy Ve fgPDyrr VRSt Q Dy

fors =0,1,...,n+ 1. These all vanish if and only if the metric is conformally Einstein.
The natural invariants in the lemma are given by mixed tensor-tractor fields, rather pure
tensors. However by expandigy,,cp andV,Qp.pe Using(3.7) and (3.4t is straight-
forward to obtain an equivalent set of tensorial obstructions from these. The system of
obstructions so obtained is rather unwieldy and could be awkward to apply in practise.
Nevertheless this gives a system of invariants, which works equally for all signatures.
As a final remark in this section we note that comindPtoposition 2. #ia the tractor
picture is also very easy. If we want to test whether a seatef[1] is an Einstein scale
we definelg ;= %DBG as in Theorem 3.land consideV,Iz. Calculating in terms of

an arbitrary metrigg from the conformal class we g&t,Iz = Z g0 E,;,, modulo terms
involving X , whereE,;, = Trace-freeP,;, — V,Kj, + K,K})andK, := —o~1V,0. Since

o can only be an Einstein scales#,.” z1¥ = 0 we obtain the conformal C-space equation
for K, and we are led to the conclusion that the Riemannian invariant of the proposition
is conformally invariant and also the conclusion that it must vanish on conformal Einstein
manifolds.
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4. Examples

Here we shed light on the various notions of generic metrics, mainly by way of examples.
First let us note that each of these is an open condition on the moduli space of possible
curvatures. Thus in this sense “almost all” metrics are generic (and hehgeneric and
weakly generic). The many components of the Weyl curvatysg; arise from aA2-generic
metric unless they lie on the closed variety determined by the one confiifipa= O where,
recall,||C| is the determinant of the m#p.18) The metrics which fail to be weakly generic
correspond to a closed subspace contained ifi@hie= 0 variety. In the Riemannian case
this subvariety is given b{L || = 0, where recal|| L is the determinant af““?Cy,,, and
we show below that in dimension 4 the containment is proper.

Another aim in this final section is to establish the independence of the conditions [C]
and [B] from Sectior2.4. We assume that > 4 throughout this section.

4.1. Simple n-dimensional Robinson—Trautman metrics

Let Q be an { — 2)-dimensional space of constant curvatur@nd denote by,
i =12 ...,n— 2, standard stereographic coordinategofiVe takeM = R? x Q, with
coordinatesi( u, x'), where ¢, ) are coordinates along tlR?, and equipi with a subclass
of Robinson—Trautmaf28] metricsg by

.. 1
¢ = 2ifdr 4+ h()du] + 2 ST 4.1)
(1+ % guxkxl)

Hereg;; = diagfy, €2, ..., €,-2),¢; = £1,k = 1,0, =1 andh = h(r)is an arbitrary, suffi-
ciently smooth real function of variabteln the following we describe conformal properties
of the metric4.1).

To calculate the Weyl tensor we introduce the null-orthonormal cofraffig={
(6,07, 6" by

07 = du, 6~ =dr + hdu, o Zr]:,_;;;xkxl' 4.2)
In this coframe the metric takes the fogm= g,,6°0” where
01
gan=110 . 4.3)
8ij

We lower and raise the indices by means of the maggixand its inversg“’. The Levi—
Civita connection 1-forms

Cap = 1—‘abcec

are uniquely determined by
do? +T9% A6” =0 and &u — Tup — Tpa = 0. (4.4)
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Explicitly, we find that, the connection 1-forms are
1 h

£()Ciej — x;6;), I ;j=-—-0, = —6/, - = ner,
r r

Fij = 2r

(4.5)

whereh’ = d—?. (Observe that, due to the constancy of the matrix elementg ahe matrix
Iy is skew,I'yp, = —T'p,.) The curvature 2-forms

Qup = %Rabcdec A 9d = dFab + Fac AT

are
K+ 2h n . no_
Ql‘jz r2 9,‘/\9j, Q_j=79 A@j, Q+j=7@ /\9]‘,
Q. =h"0" AT, (4.6)

with the remaining components determined by symmetry. The non-vanishing components
of the Ricci tensor

Rup = Rcacb

and the Ricci scalar

R=g"Ra
are
Rij = {(n 3" —:22}1 + zrhl} gij» R =(- 2)h7/ +h",
R=0-2) |- 2+ 2 )

From this we conclude that metri¢$.1) are Einstein,

Rap = Agab,
if and only if
K m A 5
h(ir)=—-4+ —+ —07——r", 4.8
N=—Z+=tm -1 (4.8)

where m and A are constants. These metrics form the well knowadimensional
Schwarzschild-(anti-)de Sitter 2-parameter class in whiéb interpreted as the mass and
A as the cosmological constant. (The space is termed de Sitterif0 and anti-de Sitter
is A < 0.) Thus, we have the following proposition.
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Proposition 4.1. The only Einstein metrics among the Robinson—Trautman metrics

gij dx' d/

g = 2du[dr + A(r) du] + r?
(1+ ﬁgkzxkxl)z

are the Schwarzschild-(anti-)de Sitter metrics, for which

)= -S4 oy L2
DETo T s 2(n—1)r'

The Weyl tensor of metricgl.1) has the following non-vanishing components:

Ciju = 2%(gri&ji — 8kj&il)s C_itk = (3—n)Wgi,

Ciy=@B—n)(n—-2)¥, (4.9)
where
1 Kk+2h 2K
Y = =,
(n—1)n - 2) r2 r +

and the further non-vanishing components determined from these by the Weyl symmetries.
Now, we consider the equation

Capea F° =0 (4.10)
for the antisymmetric tensdr,;,. We easily find that
Cijap F*™” = AW Fy;, Civa F™" = (3 — n)Wgy F*~,
Ci_ap F = (3= n)Wgy F*T, CoapF® =2(B—=n)n —2)WF*+~.
Thus, if ¥ # 0, Eq.(4.10)has unique solutioif,;, = 0. We pass to the equation
CapeaH? =0 (4.11)

for a symmetric and trace-free tenddy;,. In the null-orthonormal cofram@.2)the trace-
free condition reads

H+2H,_ =0, whereH = g'*Hj. (4.12)
Comparing this with

Cibka H™ = 2W[gie(H + (3 — n)H_4) — Hy], Cip—aH" = (n — 3)Wgy H™,

Cip+aH™ = (n = 3)gu H™*,  C_pqH" = (n — 2)(n — 3)WH™,

CipraH" = (n — 2)(n — 3)WH "~

proves that the only solution ¢4.11)is H,;, = 0. Thus we have the following proposition.
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Proposition 4.2. If

1 Kk+2h 2K
w= _
(n—Dn—-2) r2 r

+h// ;éo

the Robinson—Trautman metrics
g,'j dxi dxj

g = 2 du[dr + h(r) du] + 12 5
(1+ % guxkxl)

are generic.
By a straightforward calculation we obtain the following proposition.

Proposition 4.3. Each Robinson—Trautman metric for which ¥ # 0, satisfies the conformal
C-space condition [C] with a vector field K, given by

K, = V, log[r{t-—/(=3)qL/G-n)], (4.13)

From this andPropositions 2.4 and 4i2follows that the Robinson—Trautman metrics
for which W £ 0 are conformal to Einstein metrics if and only if

1 . .
Pap — VoKp + Ko Kp — ;(P - VCKC + KLKC)gab =0

with K, given by(4.13) (Note that, by the uniqueness asserteBiiaposition 2.4this is
equivalent to requirindZ,,, = 0 with E,;, as inProposition 2.7 InsertingR,, and K, into
this equation one finds that the metf#1)is conformal to an Einstein metric if and only
if the functionh = h(r) is given by

K
W) =—-S4+ 2 4 2 2
N=—Z+=tu -1

This means that among the considered Robinson—Trautman metrics the only metrics which
are conformal to Einstein metrics are those belonging to the 2-parameter Schwarzschild-de
Sitter family. So we have the following conclusions. The Robinson—Trautman mgtrigs

e are all generic,
e all satisfy conformal C-space condition, [C]
¢ in general do not satisfy the Bach condition, [B].

In fact from the conformal invariance of the systems [C] and [B] (see Se8t®rand the
condition of being generic, the same conclusions hold for all metrics conformally related
to Robinson—Trautman metrics.

This, when along with four-dimensional examples of metrics satisfying the Bach con-
ditions [B] and not being conformal to Einstejih,24], proves independence of the two
conditions [C] and [B].
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4.2. n-Dimensional pp-waves

We noted in Sectiof.5that there are weakly generic metrics that fail tavegeneric,
and hence fail to be generic. Metrigsvith non-vanishing Weyl curvature, and such that
there are two distinct Einstein metrics in the conformal clags f#il to be weakly generic.
This observation, which dates back to Brinknjah follows easily from the C-space equa-
tion. Explicit examples of Brinkman’s metrics, thus the metrics with non-vanishing Weyl
curvature but not weakly generic, are pp-waves. They can be described as follows.
Consider the:-dimensional metric (pp-wave)

g = 2duf[dr + A(x", u) du] + 8ij dx’ dx/,

whereg;; are the components of a constant non-degenetate?) x (n — 2) matrix. This,
in the coframe

0T = du, 6~ =dr + hdu, 6 = d',
has curvature forms
Qiy = —hat* rOT, Qi=Q_=Q, =0

So the Ricci scalar vanisheR,= 0, and the only non-vanishing components of the Ricci
and the Weyl tensors are

. 2
Riy =-2¢"hij,  Ciyjr = m[gijgklh,kl —(n—2h ],

apart from the components determined by these via symmetries. Thus, this metric is Einstein
if and only if the functionr = h(x', u) is harmonic in the:' variables,

§'h;; =0,
in which case it is also Ricci flat. Whether this is satisfied or not it is clear that the vector
field

K = fo,, (4.14)
wherefis any non-vanishing function, satisfies

Capcak? = 0. (4.15)

Thus, the pp-wave metric is not weakly generic. It is worth noting that if the trace-free part
of the matrixh ;; is invertible the vecto(4.14)is the most general solution of E@t.15)
However, if it is not invertible, there are more vectdérsvhich satisfy(4.15)



A.R. Gover, P. Nurowski / Journal of Geometry and Physics 56 (2006) 450—484 483
4.3. Four-dimensional hyperKdhler metrics

Another interesting class of metrics that are weakly generic but Aateneric or generic
can be found in the complex setting. Consider a four-dimensional non-flat haipkK
manifold. This admits three &hler structured, J, K such that they satisfy quaternionic
identities, e.glJ + JI =0, K = IJ and, as a consequence, is Ricci flat. We claim that
all such manifolds are weakly generic, but mot-generic[23]. To see this, first consider
the Riemann tensor viewed as an endomorphiR) : A2T*M — A?T*M. Since the
fundamental forms);, wy, wg, associated witli, J, K, are each parallel we hav{w;) =
R(wy) = R(wg) = 0. On the other hand from Ricci flatness we h&(€ = C(.), where
C(.) is the Weyl tensor, also considered as and endomorp@iigm A2T*M — A%T*M.
Hence als@(w;) = C(wy) = C(wk) = 0, which means that the metric is nég-generic.

On the other hand if there existed a vector fi#lduch thatC,,.qV¢ = 0 then, be-
cause of the invariance property@fwith respect of the structurdsJ, K alsoCpcq(1V)4,
Capea(JV)? andCapeq (K V)¢ would vanish. Since on a hypeékler 4-manifold a quadruple
(V, 1V, JV, KV) associated with any non-vanishing vectoconstitutes a basis of vectors,
at every point, we conclude that in such a césg.; (and therefore the Riemann tensor)
vanishes. Thus, at any pointwhere the Weyl curvature is not zero we can conclude that
V = 0 is the only solution t& ;. V¢ = 0.

Thus we have the following proposition.

Proposition 4.4. Every 4-dimensional hyperKdhler manifold with non-vanishing Weyl ten-
sor is weakly generic but not A%-generic.

For a local explicit example of this type see §2p].
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